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The methods of solving problems of stability of motion of a liquid-
filled gyrostat with one point fixed [1], can be extended to free gyro-
stats moving in a Newtonian force field [2].

We consider here the problem of a gyrostat consisting of the rigid
body T1 and the rotors T2, whose axes are fixed in T1' The friction in
the rotor axes and other dissipative effects are neglected. The general
theory and Liapunov’'s criterion of stability of motion for gyrostats
with one point fixed have been thoroughly investigated in the past, for
example in (1]. In our work we have obtained sufficient conditions of
stability for one particular solution of the equations of motion of a
free gyrostat in the Newtonian force field.

1. Let 0 be the origin of a fixed Cartesian coordinate system, §, 7
and { coinciding with the center of attraction. The gyrostat moves in
a Newtonian central gravitational field, and the axes of the moving co-
ordinate system x, y and z coincide with the principal central axes of
inertia of the gyrostat.

Let A, B and C be the principal central moments of inertia of the
gyrostat and let M be its mass.

Our mechanical system, consisting of the solid casing Tl and the
symmetric rotors Tz. will be denoted by the single letter T.

The angular momentum of the system T with respect to 0 equals

omcav ik (e e e (B ()

Here R is the radius vector of the center of mass of the whole system,
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V is its velocity and K is the angular momentum of the gyrostat with
respect to the KBnig axes (axes through the center of gravity). From
the conditions of the problem it is clearly seen that the theorem of
Ktnig on the angular momentum is here applicable., Thus

where KT is the angular momentum of the whole system considured as a
single body, and K, is the angular momentum of the relative motions of

T,.

If the components of the vector of instantaneous angular velocity e

of the body T, along the moving axes are p, ¢ and r, then the components
of the vector KT along these axes will be

Ap, By, Cr | =] v]|>

E oy |ag |as

Let the x, y and :z projections of K, be k;, k, n | Br| B2l Bs
and ky, respectively. L ir1ilral s

Let 7,, T, and T, be the direction tosines of
R in the system x, y and z, and let the direction cosines between the
axes §, 1 and { and x, y and z be given by the table on the right.

By K8nig’s theorem the equations of motion of the system are

i N
de2 — af

dp  dk
Ad_f""}lTl'*“ (C—B)gr+ ghks— rha =L, (@ar 1,23 ABC, 2 (1.2)

Ea0 (1.1

Here the symbols in parentheses indicate that the remaining two equa~
tions in (1.1) and (1.2) are obtained by eyclic permutation of the indi-
cated letters; Lx, L_ and Lz are the moments of the Newtonian forces
acting on the system T about the axes indicated by subscripts.

In real mechanical systems the ratio of a characteristic dimension
to R is of the order of 1074 to 10“5; consequently, the Newtonian
potential or the force function U can be written as [3]

pM A+B+ﬂ

U = -'R—— 2“3%% (.4'51i + B’C'&’ + Cra? — 3 (1‘3)

Now
3 3
L,=3%(C — Bt %=%M~@mm L=mB—Aun (14

It is easy to see that
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11=d1%+[3172‘+71%

R (1.5)
&
R

Ta=02%+ﬁa%+h

and U depends on all the direction cosines o, Bi, y; (i =1, 2, 3).

The components Lx, Ly and Lz of the vector of the gravitational moment
acting on the system T are expressed either as functions of Ty, Ty and
Ty, or of a;, P;, y; (¢ =1, 2, 3) by the known formulas (4], or
directly by using (1.4) or (1.5). The system of equations (1.1) and
(1.2) should be supplemented by the kinematic equations of Poisson for
the direction cosines and by the equations of the relative motion of the
bodies T2. In our case the equations of the relative motion should have
the form of equations of motion of a rigid body with a fixed axis.

2. We shall investigate the special case of the motion of a free sym-
metric gyrostat

A=C, k1 = ks =0, ke = k(1) (2.1)
where k(t) is a bounded continuous function of time.
With the above, formula (1.3) becomes

pM - 3u

(B— A
v =M e B2 (2.2)
and the equations of motion become
& _aU @ _ oU P _ U
M= 38 M Ga="m M=% (2.3)
d,
Ad—f—I-(A-—B)qr—rk(t)=%p§(A—B)’ta‘Cz
dq . dk (¢)
Bat~a =90 2.4

d
AG B — ) pg+pk () = BB — Ay

Here k(t) is assumed to be a known function of time and hence our
system can be regarded as closed if we add to it also the equation of
Poisson for the direction cosines. The equations of motion of a free
gyrostat of the considered type in a Newtonian force field with the
potential (2.2) and under conditions (2.1) can yield several first inte-
grals.
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From the second equation (2.4) the following integral is obtained
Bg + k() = H = const {2.5)

Let us multiply equations (2.3) in turn by d§/dt, dn/dt and d(/dt
and equations (2.4) by p, ¢ and r; then let us add them and integrate
the sum. Taking into account (1.5) and the kinematic equations of
Poisson for «, Qi, y; (i =1, 2, 3), we obtain the energy integral

(vis vivae)
w[(G)+ () + (@) ]+ 40+ — 20 = comt (2.6)

where U is given by (2.2)

Another first integral can be easily obtained by projecting the
vector of angular momentum of T with respect to 0 on the [-axis, which,
without any loss of generality, can be assumed to be perpendicular to
the plane of the orbit. This first integral is

d
M(g 7'1— n‘%) + A4p1i + (Bg + k (8) T2 -+ Arys = const @n

Further, we have the trivial relationships

ettt =1, "+ rttmnt=1 2.8)

By introducing spherical coordinates whose center coincides with the
center of mass of the system and by taking into account (2.5), the inte-
grals (2.6) and (2.7) will take the following form:

M[(%)z + R? (:%p)z 4 Ricos? ¥ (%%)2] + A (p* + 1% — 2U = const

d
MR cos* § 5% -+ A (PY1 + q7s) -+ H'a = const 2.9)

3. The equations of motion (2.3) and (2.4) together with the kine-
matic equations of Poisson admit the following particular solution:

p=r=0, g=B1(H—k(@)
Yr="Ta=0, 12 =1; R =R, dR [ dt =0 (3.1)
P =0, dp fdt =0, @ = ot -+ @, dyg [ dt = © = const

19 =0, Ty = sin Q (2) T3 = cos Q (), dQfdt =w—q (1)

The motion of a gyrostat corresponding to the above solution consists
of the motion of the center of mass on the circular orbit with radius
RO with constant angular velocity ®, and the rotation of the gyrostat
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about its axis of symmetry (remaining perpendicular to the plane of the
orbit) with angular velocity g, while the rotor performs the prescribed
motion, such that Bg + k(t) = H = const. Our problem consists of in-
vestigating the Liapunov stability of the described non-perturbed motion
with respect to the group of variables

p, r, H, 2, 11, Y2, T3, R, dR /dt, ¥, d¢ /dt, d@ /[ dt 3.2)
4. Let
pory H+ =z, 72, 71, T3, Te=1-+ 23, R=Ro+ zs
‘%.——.%:éa, ¥, %‘—f:ip» ‘—f%::fp=(o+%-_—=m+§u

denote the variables which we shall investigate in the perturbed motion.
The equations of motion of a one rotor gyrostat in a Newtonian force
field under conditions (2.1) permit the integrals

Vl = MRoﬂil;z + Mz'ss— MR;})’(I)Z‘U.P2 +<2MRO(I)2 +

uM 6(B—A 2uM 6(B—A
+ :02 + (R°4 )p‘)x3+(Mm’— ;oﬂ _ - )”)xa’+

4 4MRw zste + MR + 2MRote+ B EBZ A on 44 (2419 o (3) = const
0

Vs = MRo® 24 + 2MR.0 23 + 2MRozsts -+ Mo 235 — MRPop? + 4 (p11 + rrs) +
- Hzs + x; -+ z172 + 0 (3) = const

Vs = xz;, = const, Vi = 1% 4 79 + z2? + 222

Here o (3) denotes all terms of the third order and higher with re-
spect to the perturbations. The stability of the considered non-per-
turbed motion will be investigated by the direct method of Liapunov.
The investigation is performed by examining the function of the vari-
ables (3.2) constructed by Chetaev’ s method [5] which is in the form of
the combined first integrals of the equations of motion

W =V — 20 (Vo — Vs) + HoVs 4+ M Ve2 -+ AV3s? ==MRo’\I"2 + Mis? + MR2o¥? +

+ (MRo® + M MRt 24 + by M?RPozsicy +(4 MMRe0? —3 Mo — i%ﬁ) 25t -
[

-+ 3B—Ap (BR_:;A) B te? + Ap? — 20A4p1: + Honi® + Ar® — 20Ars +
0

+ Hovs® + (— 20 + 2HA) 2122 4+ (Ho + MH?) 2% + Mzi? + deiry? +

+ 2M MR H z2%s -+ 2MMRo2x %4 + 4A MR Hwzsxs + 4 i MRyw 7173 (41)
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In this quadratic form A, and %2 are constants. According to
Sylvester’s criterion the necessary and sufficient condition for the
quadratic form W to be positive-definite is

B>A4, H> Ao (4.2)

and also the positiveness of all principal diagonal minors of the deter-
minant of the quadratic form

el (5= e (i,§=1,2,3,4)

en = MMRAo? — 3Ma? — SEZ A . oy = on RS0
c13 = 2M MRoHo, cua = 27»1MRoo(0, c22 = MRo* + MM?*Ry*
c2s = MMR® H, Cas = M MR.?, c3s = Ho -+ MH?
ca = —o + MH, caa = M -+ Aa

The last requirement can be satisfied by suitable selection of the
constants hl and Az under the condition H < MRozm/S. which in practical
cases is usually satisfied.

Consequently, when the condition (4.2) is satisfied and the constants
Al and Az are suitably selected, the quadratic form (4.1) will be
positive-definite with respect to all the variables, and it can serve in
our case as the Liapunov function, since dW/dt = 0 on the strength of
the equations of the perturbed motion.

By Liapunov’s theorem, then, the non-perturbed motion of a gyrostat
with one rotor, whose angular momentum satisfies the condition

Bg + k(t) —A0 >0

is stable.

The inequality obtained shows that a gyrostat of the considered type
rotates in its orbit as if it were a single body with its principal
moment of inertia changed to H/o, satisfying also the inequality H/w> A,
When k(t) = 0 and ¢ = @ we are left with the only condition B > A.
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